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In this paper, position vector of a time-like slant helix with respect to standard frame
of Minkowski space E31 is studied in terms of Frenet equations. First, a vector differential
equation of third order is constructed to determine position vector of an arbitrary time-
like slant helix. In terms of solution, we determine the parametric representation of the
slant helices from the intrinsic equations. Thereafter, we apply this method to ﬁnd the
representation of a time-like Salkowski and time-like anti-Salkowski curves as examples
of a slant helices, by means of intrinsic equations. Moreover, we present some new
characterizations of slant helices and illustrate some examples of our main results.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
In the local differential geometry, we think of curves as a geometric set of points, or locus. Intuitively, we are thinking
of a curve as the path traced out by a particle moving in E3. So, investigating position vectors of the curves is a classical
aim to determine behavior of the particle (or the curve, i.e.). There exists a vast literature on this subject, for instance
[2,6,13–16,22].
A curve of constant slope or general helix is deﬁned by the property that the tangent lines make a constant angle with
a ﬁxed direction. A necessary and suﬃcient condition that a curve to be general helix in Minkowski space E31 is that ratio
of curvature to torsion be constant [12]. Indeed, a helix is a special case of the general helix. If both curvature and torsion
are non-zero constants, it is called a helix or only a W -curve [14,15].
Helices arise in nanosprings, carbon nanotubes, α-helices, DNA double and collagen triple helix, the double helix shape is
commonly associated with DNA, since the double helix is structure of DNA [5]. This fact was published for the ﬁrst time by
Watson and Crick in 1953 (see [25]). They constructed a molecular model of DNA in which there were two complementary,
antiparallel (side-by-side in opposite directions) strands of the bases guanine, adenine, thymine and cytosine, covalently
linked through phosphodiesterase bonds (for details, see [5,9,10]).
All helices (W -curves) in E31 are completely classiﬁed by Walfare in [24]. For instance, the only planar space-like degen-
erate helices are circles and hyperbolas. In [15], the authors investigated position vectors of a time-like and a null helix
(W -curve) with respect to Frenet frame.
Ali and Lopez [2], in analogous way as in E3, studied the concept of slant helix in Minkowski space E31 by saying that the
principal normal lines make a constant angle with a ﬁxed straight line. They characterize a slant helix if and only if either
one of the next two functions
κ2
(τ 2 − κ2)3/2
(
τ
κ
)′
or
κ2
(κ2 − τ 2)3/2
(
τ
κ
)′
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binormal indicatrix of a time-like slant helix and showed that the spherical images are spherical helices.
A family of curves with constant curvature but non-constant torsion is called Salkowski curves; and a family of curves
with constant torsion but non-constant curvature is called anti-Salkowski curves [18,21]. Ali [3] adapted the deﬁnition of
such curves in Minkowski space E31 and introduced an explicit parametrization of a time-like Salkowski and anti-Salkowski
curves. Also, he studied some characterizations of these curves and proved that the principal normal vector makes a constant
angle with a ﬁxed straight line. So that: time-like Salkowski and anti-Salkowski curves are the important examples of time-
like slant helices.
Recently, a method has been developed by B.Y. Chen to classify curves with the solution of differential equations with
constant coeﬃcients with respect to standard frame of the space. This method generally uses ordinary vector differential
equations as well as Frenet equations. By this way, curves of a ﬁnite Chen type and some of classiﬁcations are given by
the researchers in Euclidean space or another spaces, see [7,8,20]. Similar to above method, in [23], the author investigated
position vector of a space-like curve according to standard frame of Minkowski 3-space in terms of Frenet equations.
In this work, we use vector differential equations established by means of Frenet equations in Minkowski space E31 to
determine position vectors of the time-like curves according to standard frame of E31. We obtain position vector of a time-
like slant helix with respect to standard frame of E31. Besides, we present some new characterizations and illustrate some
of examples our ﬁndings. We hope these results will be helpful to mathematicians who are specialized on mathematical
modeling.
2. Preliminaries
To meet the requirements in the next sections, here, the basic elements of the theory of curves in the space E31 are
brieﬂy presented. (A more complete elementary treatment can be found in [19].)
The Minkowski three-dimensional space E31 is the real vector space R
3 endowed with the standard ﬂat Lorentzian metric
given by
g = −dx21 + dx22 + dx23,
where (x1, x2, x3) is a rectangular coordinate system of E31. If u = (u1,u2,u3) and v = (v1, v2, v3) are arbitrary vectors in E31,
we deﬁne the (Lorentzian) vector product of u and v as the following:
u × v = −
∣∣∣∣∣
−i j k
u1 u2 u3
v1 v2 v3
∣∣∣∣∣ .
Since g is an indeﬁnite metric, recall that a vector v ∈ E31 can have one of three Lorentzian characters: it can be space-like if
g(v, v) > 0 or v = 0, time-like if g(v, v) < 0 and null if g(v, v) = 0 and v = 0. Similarly, an arbitrary curve ψ = ψ(s) in E31
can locally be space-like, time-like or null (light-like), if all of its velocity vectors ψ ′ are respectively space-like, time-like or
null (light-like), for every s ∈ I ⊂ R . The pseudo-norm of an arbitrary vector a ∈ E31 is given by ‖a‖ =
√|g(a,a)|. ψ is called
a unit speed curve if velocity vector v of ψ satisﬁes ‖v‖ = 1. For vectors v,w ∈ E31 it is said to be orthogonal if and only if
g(v,w) = 0.
Denote by {T ,N, B} the moving Frenet frame along the curve ψ in the space E31. For an arbitrary curve ψ with ﬁrst and
second curvature, κ and τ in the space E31, the following Frenet formulae are given in [15]:
If ψ is a time-like curve, then the Frenet formulae read[ T ′
N ′
B ′
]
=
[ 0 κ 0
κ 0 τ
0 −τ 0
][ T
N
B
]
, (2.1)
where
g(T , T ) = −1, g(N,N) = g(B, B) = 1, g(T ,N) = g(T , B) = g(T ,N) = g(N, B) = 0.
The angle between two vectors in Minkowski space is deﬁned by [4]:
Deﬁnition 2.1. Let u and v be space-like vectors in E31 that span a space-like vector subspace. Then we have |g(u, v)| ‖u‖‖v‖ and hence, there is a unique positive real number φ such that
∣∣g(u, v)∣∣= ‖u‖‖v‖ cosφ.
The real number φ is called the Lorentzian space-like angle between u and v .
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The real number φ is called the Lorentzian time-like angle between u and v .
Deﬁnition 2.3. Let u be a space-like vector and v a positive time-like vector in E31. Then there is a unique non-negative real
number φ such that∣∣g(u, v)∣∣= ‖u‖‖v‖ sinhφ.
The real number φ is called the Lorentzian time-like angle between u and v .
Deﬁnition 2.4. Let u and v be positive (negative) time-like vectors in E31. Then there is a unique non-negative real number
φ such that
g(u, v) = ‖u‖‖v‖ coshφ.
The real number φ is called the Lorentzian time-like angle between u and v .
3. Position vector of a time-like slant helix
The problem of the determination of parametric representation of the position vector of an arbitrary space curve ac-
cording to the intrinsic equations is still open in the Euclidean space E3 and in the Minkowski space E31 [1,11,17]. This
problem is not easy to solve in general case. However, this problem is solved in three special cases only. Firstly, in the
case of a plane curve (τ = 0). Secondly, in the case of a helix (κ and τ are both non-vanishing constant). Recently, Ali and
Turgut [1] adapted fundamental existence and uniqueness theorem for space curves to time-like curves of the space E31 and
constructed a vector differential equation to solve this problem in the case of a general helix ( τκ is constant) in Minkowski
space E31. However, this problem is not solved in other cases of the space curve.
Our main result in this work is to determine the parametric representation of the position vector ψ from intrinsic
equations in E31 for the case of a time-like slant helix. In the light of our main problem, ﬁrst we give:
Theorem 3.1. Letψ = ψ(s) be a unit speed time-like curve parameterized by the arclength s. Supposeψ = ψ(θ) is another parametric
representation of this curve by the parameter θ = ∫ κ(s)ds. Then, the principal normal vector N satisﬁes a vector differential equation
of third order as follows:
1
f (θ)
[
1
f ′(θ)
(
N ′′(θ) + ( f 2(θ) − 1)N(θ))]′ + N(θ) = 0, (3.1)
where f (θ) = τ (θ)κ(θ) .
Proof. Let ψ = ψ(s) be a unit speed time-like curve. If we write this curve in the another parametric representation ψ =
ψ(θ), where θ = ∫ κ(s)ds, we have new Frenet equations as follows:[ T ′(θ)
N ′(θ)
B ′(θ)
]
=
[0 1 0
1 0 f (θ)
0 − f (θ) 0
][ T (θ)
N(θ)
B(θ)
]
, (3.2)
where f (θ) = τ (θ)κ(θ) . If we differentiate the second equation of the new Frenet equations (3.2) and use the ﬁrst and the third
equations, we have
B(θ) = 1
f ′(θ)
[
N ′′(θ) + ( f 2(θ) − 1)N(θ)]. (3.3)
Differentiating the above equation and using the last equation from (3.2), we obtain a vector differential equation of third
order (3.1) as desired. 
Eq. (3.1) is not easy to solve in general case. If one solves this equation, the natural representation of the position vector
of an arbitrary space curve can be determined as follows:
ψ(s) =
∫ (∫
κ(s)N(s)ds
)
ds + C, (3.4)
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ψ(θ) =
∫
1
κ(θ)
(∫
N(θ)dθ
)
dθ + C, (3.5)
where θ = ∫ κ(s)ds.
We can solve Eq. (3.1) in the case of a time-like slant helix. Because the principal normal vector N is a space-like vector
for the time-like curve, we can give the following three lemmas using Deﬁnitions 2.1, 2.2 and 2.3. The following propositions
are new characterizations for time-like slant helices in E31:
Lemma 3.2. Letψ : I → E31 be a time-like curve that is parameterized by arclength with the intrinsic equations κ = κ(s) and τ = τ (s).
The curve ψ is a slant helix (its principal normal vectors make a constant Lorentzian space-like angle, φ = ±arccos[n], with a ﬁxed
space-like straight line in the space) if and only if
τ (s) = ± mκ(s)
∫
κ(s)ds√
1+m2(∫ κ(s)ds)2 , (3.6)
where m = n√
1−n2 and |
τ
κ | < 1.
Proof. (⇒) Let d be the unitary ﬁxed space-like vector making a constant space-like angle, φ = ±arccos[n], with the normal
vector N . Therefore
g(N,d) = n. (3.7)
Differentiating Eq. (3.7) with respect to the variable θ = ∫ κ(s)ds and using the new Frenet equations (3.2), we get
g
(
T (θ) + f (θ)B(θ),d)= 0. (3.8)
Therefore,
g(t,d) = − f g(b,d).
If we put g(b,d) = b, we can write
d= − f bT + nN + bB.
From the unitary of the vector d we get b = ±
√
1−n2
1− f 2 and the function f must satisfy | f (θ)| < 1. Therefore, the vector d
can be written as
d= ± f
√
1− n2
1− f 2 T + nN ∓
√
1− n2
1− f 2 B. (3.9)
If we differentiate Eq. (3.4) again, we obtain(
f ′B + (1− f 2)N,d)= 0. (3.10)
Eqs. (3.9) and (3.10) lead to the following differential equation
f ′
(1− f 2)3/2 = ±m,
where m = n√
1−n2 . Integrating the above equation, we get
f√
1− f 2 = ±m(θ + c1), (3.11)
where c1 is an integration constant. The integration constant can disappear with a parameter change θ → θ − c1. Solving
Eq. (3.11) with f as unknown, we have
f (θ) = ± mθ√
1+m2θ2 . (3.12)
Finally, τ (θ) = κ(θ) f (θ), we express the desired result.
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∫
κ(s)ds√
1+m2(∫ κ(s)ds)2 . The function f can be written as f (θ) = ± mθ√1+m2θ2 and let us consider the
vector
d= n
(
−θT + N ∓ 1
m
√
1+m2θ2B
)
.
We will prove that the vector d is a constant vector. Indeed, applying Frenet formula (3.2)
d′ = n
(
−T − θN + T + f B ∓ mθ√
1+m2θ2 B ±
f
m
√
1+m2θ2N
)
= 0.
Therefore, the vector d is constant and g(n,d) = n. This concludes the proof of Lemma 3.2. 
Lemma 3.3. Letψ : I → E31 be a time-like curve that is parameterized by arclength with the intrinsic equations κ = κ(s) and τ = τ (s).
The curve ψ is a slant helix (its normal vectors make a constant Lorentzian time-like angle, φ = ±arccosh[n], with a ﬁxed space-like
straight line in the space) if and only if
τ (s) = ± mκ(s)
∫
κ(s)ds√
m2(
∫
κ(s)ds)2 − 1
, (3.13)
where m = n√
n2−1 and |
τ
κ | > 1.
Lemma 3.4. Letψ : I → E31 be a time-like curve that is parameterized by arclength with the intrinsic equations κ = κ(s) and τ = τ (s).
The curve ψ is a slant helix (its normal vectors make a constant Lorentzian time-like angle, φ = ±arcsinh[n], with a ﬁxed time-like
straight line in the space) if and only if
τ (s) = ± mκ(s)
∫
κ(s)ds√
m2(
∫
κ(s)ds)2 − 1
, (3.14)
where m = n√
1+n2 and |
τ
κ | > 1.
The proofs of Lemmas 3.3 and 3.4 are similar as the proof of Lemma 3.2. Now we give three theorems corresponding to
the three lemmas as follows:
Theorem 3.5. The position vector ψ = (ψ1,ψ2,ψ3) of a time-like slant helix, whose principal normal vector makes a constant
Lorentzian space-like angle, with a ﬁxed space-like straight line in the space, is computed in the natural representation form:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
ψ1(s) = n
m
∫ [∫
κ(s) sinh
[
1
n
arcsinh
(
m
∫
κ(s)ds
)]
ds
]
ds,
ψ2(s) = n
m
∫ [∫
κ(s) cosh
[
1
n
arcsinh
(
m
∫
κ(s)ds
)]
ds
]
ds,
ψ3(s) = n
∫ [∫
κ(s)ds
]
ds,
(3.15)
or in the parametric form:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
ψ1(θ) = n
m
∫
1
κ(θ)
[∫
sinh
[
1
n
arcsinh(mθ)
]
dθ
]
dθ,
ψ2(θ) = n
m
∫
1
κ(θ)
[∫
cosh
[
1
n
arcsinh(mθ)
]
dθ
]
dθ,
ψ3(θ) = n
∫
θ
κ(θ)
dθ,
(3.16)
or in the useful parametric form:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
ψ1(t) = n
3
m3
∫
cosh[nt]
κ(t)
[∫
sinh[t] cosh[nt]dt
]
dt,
ψ2(t) = n
3
m3
∫
cosh[nt]
κ(t)
[∫
cosh[t] cosh[nt]dt
]
dt,
ψ3(t) = n
2
2
∫
sinh[nt] cosh[nt]
dt,
(3.17)m κ(t)
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line e3 (axis of a time-like slant helix) and the principal normal vector of the curve.
Proof. If ψ is a time-like slant helix whose principal normal vector N makes a space-like angle φ = ±arccos[n] with
a straight space-like line U , then we can write f (θ) = ± mθ√
1+m2θ2 , where | f | = |
τ
κ | < 1, θ =
∫
κ(s)ds and m = n√
1−n2 .
Therefore Eq. (3.1) becomes
(
1+m2θ2)N ′′′(θ) + 3m2θN ′′(θ) − N ′(θ) = 0. (3.18)
The principal normal vector can be written in the following form:
N = N1(θ)e1 + N2(θ)e2 + N3(θ)e3. (3.19)
Now, the curve ψ is a time-like slant helix, i.e. the principal normal vector N makes a constant space-like angle, φ, with
the constant space-like vector called the axis of the slant helix. So, without loss of generality, we take the axis of a slant
helix is parallel to the space-like vector e3. Then
N3 = g(N,e3) = n. (3.20)
On the other hand the principal normal vector N is a unit space-like vector, so the following condition is satisﬁed:
−N21(θ) + N22(θ) = 1− n2 =
n2
m2
. (3.21)
The general solution of Eq. (3.21) can be written in the following form:
N1 = n
m
sinh
[
t(θ)
]
, N2 = n
m
cosh
[
t(θ)
]
, (3.22)
where t is an arbitrary function of θ . Every component of the vector N satisﬁes Eq. (3.18). So, substituting the components
N1(θ) and N2(θ) in Eq. (3.18), we have the following differential equations of the function t(θ):
3t′
(
m2θt′ + (1+m2θ2)t′′) cosh[t] − (t′ − 3m2θt′′ − (1+m2θ2)(t′3 + t′′′)) sinh[t] = 0, (3.23)
3t′
(
m2θt′ + (1+m2θ2)t′′) sinh[t] − (t′ − 3m2θt′′ − (1+m2θ2)(t′3 + t′′′)) cosh[t] = 0. (3.24)
It is easy to prove that the above two equations lead to the following two equations:
m2θt′ + (1+m2θ2)t′′ = 0, (3.25)
t′ − 3m2θt′′ − (1+m2θ2)(t′3 + t′′′)= 0. (3.26)
The general solution of Eq. (3.25) is
t(θ) = c2 + c1 arcsinh(mθ), (3.27)
where c1 and c2 are constants of integration. The constant c2 can disappear if we change the parameter t → t + c2. Substi-
tuting the solution (3.27) in Eq. (3.26), we obtain the following condition:
mc1
(
1+m2(1− c1)
)= 0
which leads to c1 =
√
1+m2
m = 1n , where m = 0 and c1 = 0.
Now, the principal normal vector takes the following form:
N(θ) =
(
n
m
sinh
[
1
n
arcsinh(mθ)
]
,
n
m
cosh
[
1
n
arcsinh(mθ)
]
,n
)
. (3.28)
If we substitute Eq. (3.28) in two Eqs. (3.4) and (3.5), we have two Eqs. (3.15) and (3.16). It is easy to arrive Eq. (3.17), if we
take the new parameter t = 1 arcsin(mθ), which completes the proof. n
A.T. Ali, M. Turgut / J. Math. Anal. Appl. 365 (2010) 559–569 565Theorem 3.6. The position vector ψ = (ψ1,ψ2,ψ3) of a time-like slant helix, whose principal normal vector makes a constant
Lorentzian time-like angle, with a ﬁxed space-like straight line in the space, is computed in the natural representation form:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
ψ1(s) = n
m
∫ [∫
κ(s) cosh
[
1
n
arccosh
(
m
∫
κ(s)ds
)]
ds
]
ds,
ψ2(s) = n
m
∫ [∫
κ(s) sinh
[
1
n
arccosh
(
m
∫
κ(s)ds
)]
ds
]
ds,
ψ3(s) = n
∫ [∫
κ(s)ds
]
ds,
(3.29)
or in the parametric form:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
ψ1(θ) = n
m
∫
1
κ(θ)
[∫
cosh
[
1
n
arccosh(mθ)
]
dθ
]
dθ,
ψ2(θ) = n
m
∫
1
κ(θ)
[∫
sinh
[
1
n
arccosh(mθ)
]
dθ
]
dθ,
ψ3(θ) = n
∫
θ
κ(θ)
dθ,
(3.30)
or in the useful parametric form:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
ψ1(t) = n
3
m3
∫
sinh[nt]
κ(t)
[∫
cosh[t] sinh[nt]dt
]
dt,
ψ2(t) = n
3
m3
∫
sinh[nt]
κ(t)
[∫
sinh[t] sinh[nt]dt
]
dt,
ψ3(t) = n
2
m2
∫
sinh[nt] cosh[nt]
κ(t)
dt,
(3.31)
where θ = ∫ κ(s)ds, t = 1n arccosh(mθ), m = n√n2−1 , n = cosh[φ] and φ is the time-like angle between the ﬁxed space-like straight
line e3 (axis of a time-like slant helix) and the principal normal vector of the curve.
Theorem 3.7. The position vector ψ = (ψ1,ψ2,ψ3) of a time-like slant helix, whose principal normal vector makes a constant
Lorentzian time-like angle, with a ﬁxed time-like straight line in the space, is computed in the natural representation form:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
ψ1(s) = n
∫ [∫
κ(s)ds
]
ds,
ψ2(s) = n
m
∫ [∫
κ(s) cos
[
1
n
arccosh
(
m
∫
κ(s)ds
)]
ds
]
ds,
ψ3(s) = n
m
∫ [∫
κ(s) sin
[
1
n
arccosh
(
m
∫
κ(s)ds
)]
ds
]
ds,
(3.32)
or in the parametric form:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
ψ1(θ) = n
∫
θ
κ(θ)
dθ,
ψ2(θ) = n
m
∫
1
κ(θ)
[∫
cos
[
1
n
arccosh(mθ)
]
dθ
]
dθ,
ψ3(θ) = n
m
∫
1
κ(θ)
[∫
sin
[
1
n
arccosh(mθ)
]
dθ
]
dθ,
(3.33)
or in the useful parametric form:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
ψ1(t) = n
2
m2
∫
sinh[nt] cosh[nt]
κ(t)
dt,
ψ2(t) = n
3
m3
∫
sinh[nt]
κ(t)
[∫
cos[t] sinh[nt]dt
]
dt,
ψ3(t) = n
3
3
∫
sinh[nt][∫
sin[t] sinh[nt]dt
]
dt,
(3.34)m κ(t)
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where θ = ∫ κ(s)ds, t = 1n arccosh(mθ), m = n√n2+1 , n = sinh[φ] and φ is the time-like angle between the ﬁxed time-like straight
line −e1 (axis of a time-like slant helix) and the principal normal vector of the curve.
According to Lemmas 3.3 and 3.4, the proofs of two Theorems 3.6 and 3.7 are similar as the proof of Theorem 3.5.
4. Examples
In this section, we take several choices for the curvature κ and torsion τ , and next, we apply Theorem 3.5.
Example 4.1. The case of a time-like slant helix, whose principal normal vector makes a constant Lorentzian space-like
angle, φ = ±arccos[n], with a ﬁxed space-like straight line in the space, with
κ = 1, τ = ms√
1+m2s2 , m =
n√
1− n2 , (4.1)
which is the intrinsic equations of a time-like Salkowski curve. Substituting κ(t) = 1 in Eq. (3.17) we have the explicit
parametric representation of such curve as follows:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
ψ1(t) = n
4m
[
1− n
1+ 2n sinh
[
(1+ 2n)t]+ 1+ n
1− 2n sinh
[
(1− 2n)t]+ 2 sinh[t]],
ψ2(t) = n
4m
[
1− n
1+ 2n cosh
[
(1+ 2n)t]+ 1+ n
1− 2n cosh
[
(1− 2n)t]+ 2cosh[t]],
ψ3(t) = n
4m2
cosh[2nt].
(4.2)
The curvature of the above curve is equal to 1 and the torsion is equal to
τ = tanh[nt] = mθ√
1+m2θ2 =
ms√
1+m2s2 ,
where θ = s and t = 1n arcsinh(mθ). One can see a special example of such curve in the left-hand side of Fig. 1.
Example 4.2. The case of a time-like slant helix, whose principal normal vector makes a constant Lorentzian time-like angle,
φ = ±arccosh[n], with a ﬁxed space-like straight line in the space, with
κ = 1, τ = ms√
m2s2 − 1 , m =
n√
n2 − 1 , (4.3)
which is the intrinsic equations of a time-like Salkowski curve. Substituting κ(t) = 1 in Eq. (3.31) we have the explicit
parametric representation of such curve as follows:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
ψ1(t) = n
4m
[
n − 1
2n + 1 cosh
[
(1+ 2n)t]+ 1+ n
2n − 1 cosh
[
(1− 2n)t]+ 2cosh[t]],
ψ2(t) = n
4m
[
n − 1
2n + 1 sinh
[
(1+ 2n)t]+ 1+ n
2n − 1 sinh
[
(1− 2n)t]+ 2 sinh[t]],
ψ3(t) = n 2 cosh[2nt].
(4.4)4m
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τ = coth[nt] = mθ√
m2θ2 − 1 =
ms√
m2s2 − 1 ,
where θ = s and t = 1n arccosh(mθ). One can see a special example of such curve in the middle of Fig. 1.
Example 4.3. The case of a time-like slant helix, whose principal normal vector makes a constant Lorentzian time-like angle,
φ = ±arcsinh[n], with a ﬁxed time-like straight line in the space, with
κ = 1, τ = ms√
m2s2 − 1 , m =
n√
n2 + 1 , (4.5)
which is the intrinsic equations of a time-like Salkowski curve. Substituting κ(t) = 1 in Eq. (3.34) we have the explicit
parametric representation of such curve as follows:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
ψ1(t) = n
4m2
cosh[2nt],
ψ2(t) = n
2m
[(
1+ 2n
2 − 1
4n2 + 1 cosh[2nt]
)
cos[t] + 3n
4n2 + 1 sinh[2nt] sin[t]
]
,
ψ3(t) = n
2m
[(
1+ 2n
2 − 1
4n2 + 1 cosh[2nt]
)
sin[t] − 3n
4n2 + 1 sinh[2nt] cos[t]
]
.
(4.6)
The curvature of the above curve is equal to 1 and the torsion is equal to
τ = coth[nt] = mθ√
m2θ2 − 1 =
ms√
m2s2 − 1 ,
where θ = s and t = 1n arccosh(mθ). One can see a special example of such curve in the right-hand side of Fig. 1.
Example 4.4. The case of a time-like slant helix, whose principal normal vector makes a constant Lorentzian space-like
angle, φ = ±arccos[n], with a ﬁxed space-like straight line in the space, with
κ = ms√
m2s2 − 1 , τ = 1, m =
n√
1− n2 , (4.7)
which is the intrinsic equations of time-like anti-Salkowski curve. Substituting
κ = ms√
m2s2 − 1 =
√
1+m2θ2
mθ
= coth[nt],
in Eq. (3.17) we have the explicit parametric representation of such curve as follows:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
ψ1(t) = n
4m
[
1− n
1+ 2n cosh
[
(1+ 2n)t]− 1+ n
1− 2n cosh
[
(1− 2n)t]+ 2n cosh[t]],
ψ2(t) = n
4m
[
1− n
1+ 2n sinh
[
(1+ 2n)t]− 1+ n
1− 2n sinh
[
(1− 2n)t]+ 2n sinh[t]],
ψ3(t) = n
4m2
(
sinh[2nt] − 2nt),
(4.8)
where θ =
√
m2s2−1
m and t = 1n arcsinh(mθ). One can see a special example of such curve in the left-hand side in Fig. 2.
Example 4.5. The case of a time-like slant helix, whose principal normal vector makes a constant Lorentzian time-like angle,
φ = ±arccosh[n], with a ﬁxed space-like straight line in the space, with
κ = ms√
m2s2 + 1 , τ = 1, m =
n√
n2 − 1 , (4.9)
which is the intrinsic equations of time-like anti-Salkowski curve. Substituting
κ = ms√
m2s2 + 1 =
√
m2θ2 − 1
mθ
= tanh[nt],
in Eq. (3.31) we have the explicit parametric representation of such curve as follows:
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⎪⎪⎪⎪⎪⎪⎩
ψ1(t) = n
4m
[
n − 1
2n + 1 sinh
[
(1+ 2n)t]− n + 1
2n − 1 sinh
[
(1− 2n)t]+ 2n sinh[t]],
ψ2(t) = n
4m
[
n − 1
2n + 1 cosh
[
(1+ 2n)t]− n + 1
2n − 1 cosh
[
(1− 2n)t]+ 2n cosh[t]],
ψ3(t) = n
4m2
(
sinh[2nt] + 2nt),
(4.10)
where θ =
√
m2s2+1
m and t = 1n arccosh(mθ). One can see a special example of such curve in the middle of Fig. 2.
Example 4.6. The case of a time-like slant helix, whose principal normal vector makes a constant Lorentzian time-like angle,
φ = ±arccosh[n], with a ﬁxed time-like straight line in the space, with
κ = ms√
m2s2 + 1 , τ = 1, m =
n√
n2 + 1 , (4.11)
which is the intrinsic equations of time-like anti-Salkowski curve. Substituting
κ = ms√
m2s2 + 1 =
√
m2θ2 − 1
mθ
= tanh[nt],
in Eq. (3.34) we have the explicit parametric representation of such curve as follows:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
ψ1(t) = n
4m2
(
sinh[2nt] + 2nt),
ψ2(t) = n
2m
[
n
(
1+ 3
4n2 + 1 cosh[2nt]
)
sin[t] + 2n
2 − 1
4n2 + 1 sinh[2nt] cos[t]
]
,
ψ3(t) = n
2m
[
n
(
1+ 3
4n2 + 1 cosh[2nt]
)
cos[t] − 2n
2 − 1
4n2 + 1 sinh[2nt] sin[t]
]
,
(4.12)
where θ =
√
m2s2+1
m and t = 1n arccosh(mθ). One can see a special example of such curve in the right-hand side of Fig. 2.
Acknowledgment
The second author would like to thank Tübitak-Bideb for their ﬁnancial supports during his PhD studies.
References
[1] A.T. Ali, M. Turgut, Determination of time-like helices from intrinsic equations in Minkowski 3-space, preprint 2009: arXiv:0906.3851v1 [math.DG].
[2] A.T. Ali, R. Lopez, Slant helices in Minkowski space E31, preprint 2008: arXiv:0810.1464v1 [math.DG].
[3] A.T. Ali, Time-like Salkowski and anti-Salkowski curves in Minkowski space E31, preprint 2009: arXiv:0905.1404v1 [math.DG].
[4] M. Bilici, M. Caliskan, On the involutes of the space-like curve with a time-like binormal in Minkowski 3-space, Int. Math. Forum 4 (2009) 1497–1509.
[5] Ç. Camcı, K. I˙larslan, L. Kula, H.H. Hacısalihog˘lu, Harmonic curvatures and generalized helices in En , Chaos Solitons Fractals 4 (2009) 2590–2596.
[6] B.Y. Chen, When does the position vector of a space curve always lie in its rectifying plane? Amer. Math. Monthly 110 (2003) 147–152.
[7] B.Y. Chen, A report on submanifolds of ﬁnite type, Soochow J. Math. 22 (1996) 1–128.
[8] B.Y. Chen, F. Dillen, L. Verstraelen, Finite type space curves, Soochow J. Math. 12 (1986) 1–10.
[9] N. Chouaieb, A. Goriely, J.H. Maddocks, Helices, Proc. Natl. Acad. Sci. USA 103 (2006) 398–403.
[10] T.A. Cook, The Curves of Life, Constable, London, 1914, reprinted, Dover, London, 1979.
[11] L.P. Eisenhart, A Treatise on the Differential Geometry of Curves and Surfaces, Ginn and Co., 1909.
A.T. Ali, M. Turgut / J. Math. Anal. Appl. 365 (2010) 559–569 569[12] A. Ferrandez, A. Gimenez, P. Lucas, Null helices in Lorentzian space forms, Internat. J. Modern Phys. A 16 (2001) 4845–4863.
[13] K. I˙larslan, Space-like normal curves in Minkowski space E31, Turkish J. Math. 29 (2005) 53–63.
[14] K. I˙larslan, Ö. Boyacıog˘lu, Position vectors of a space-like W -curve in Minkowski space E31, Bull. Korean Math. Soc. 44 (2007) 429–438.
[15] K. I˙larslan, Ö. Boyacıog˘lu, Position vectors of a time-like and a null helix in Minkowski 3-space, Chaos Solitons Fractals 38 (2008) 1383–1389.
[16] L. Kula, N. Ekmekci, Y. Yayli, K. Ilarslan, Characterizations of slant helices in Euclidean 3-space, Turkish J. Math. 33 (2009) 1–13.
[17] M.M. Lipschutz, Schum’s Outline of Theory and Problems of Differential Geometry, McGraw–Hill Book Company, New York, 1969.
[18] J. Monterde, Salkowski curves revisited: A family of curves with constant curvature and non-constant torsion, Comput. Aided Geom. Design 26 (2009)
271–278.
[19] B. O’Neill, Semi-Riemannian Geometry, Academic Press, New York, 1983.
[20] M. Petrovic-Torgasev, E. Sucurovic, W -curves in Minkowski space–time, Novi Sad J. Math. 32 (2) (2002) 55–65.
[21] E. Salkowski, Zur transformation von raumkurven, Math. Ann. 66 (1909) 517–537.
[22] M. Turgut, S. Yılmaz, Contributions to classical differential geometry of the curves in E3, Sci. Magna 4 (2008) 5–9.
[23] S. Yılmaz, Determination of space-like curves by vector differential equations in Minkowski space E31, J. Adv. Res. Pure Math. 1 (1) (2009) 10–14.
[24] J. Walfare, Curves and surfaces in Minkowski space, PhD thesis, K.U. Leuven, Faculty of Science, Leuven, 1995.
[25] J.D. Watson, F.H. Crick, Molecular structures of nucleic acids, Nature 171 (1953) 737–738.
